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ABSTRACT. We classify four dimensional homogeneous manifolds in the setting
of p and R[p| conditions. We found that there is just a non trivial example in
R x H3 and that there are not other case in the other groups of the same kind.

1. INTRODUCTION

Let (M™, g) be an n-dimensional Riemannian manifold. Let V be the Levi-Civita
connection and let R be the curvature operator chosen with the sign R(X,Y) =
[Vx,Vy] = V[x,y]. With this convention, the Ricci tensor is given by p(X,Y) =
tr{Z — R(Z,X)Y} and the scalar curvature 7 = tr, p.

Let M be a compact surface. The Gauss-Bonnet Theorem shows that the func-
tional g — | a T V0l is constant on the space of metrics and thus the Ricci tensor
of any two-dimensional Riemannian manifold (M, g) satisfies the universal identity
p= %Tg. Generalizations of the Gauss-Bonnet Theorem to higher dimensions pro-
vide new universal identities. Indeed, the functional defined by the Gauss-Bonnet
integrand g — [, {||R[|* =4[ p||>+ 72} voly is constant in dimension four. Hence any
compact four-dimensional Riemannian manifold is critical and Berger [3] showed
that the curvature identity R — 25 — 2R[p] + 7p = 1 (||R||* — 4]|p||* + 7%) g holds.
(See [8] for an extension to the noncompact case and [13] for a generalization to
higher dimensions).

Previous identity can be equivalently written as

(1.1) <R - ”i”zg) +7 (p — gg) -2 (ﬁ — ”2”29) —2 <R[p] - |i”29> =0,

where R, p and RJ[p] are the symmetric (0, 2)-tensor fields given by Rij = Riabch“bC
pij = piap®j and R[plij = Riap;p. Tt now follows that if (M, g) is Einstein, then all
terms in (1.1) vanish. Hence it is a natural question to investigate the tensor fields
R, p and R|p] separately, in particular whether they are multiples of the metric
tensor. (M, g) is said to be weakly-Einstein if R = 1lIR|[?g. (M, g) is said to be
p-Einstein if p = 1| p||%g and it is said to be R[p]-Einstein if R[p] = 1| p||g.

The weakly-Einstein, g-Einstein and R[p]-Einstein conditions appear naturally
in the study of critical metrics for quadratic curvature functionals. For instance,
a metric with harmonic Ricci tensor (Ap = 0) and constant scalar curvature is
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critical for the functional given by the L?-norm of the Ricci tensor if and only if it
is R[p]-Einstein. Under the same conditions, critical points of the L%-norm of the
curvature tensor are characterized by the condition R+ 2R[p] —2p = 1[|R||?g (see,
for example [4]).

It is clear from (1.1) that any four-dimensional Einstein metric is weakly-Einstein,
p-Einstein and R[p]-Einstein. There are however strict examples. For instance,
weakly-Einstein locally conformally flat examples with non-constant scalar cur-
vature have been constructed in [11]. The simplest example with constant scalar
curvature is the product manifold M;(¢) x Ma(—c) of two surfaces with constant op-
posite curvature. We show that it is the only one in the symmetric realm (Lemma 2).

Homogeneous Einstein metrics in dimension four were classified by Jensen [12],
showing that they are either real space forms, complex space forms, or a product of
two surfaces with the same constant Gauss curvature. The aim of this paper is to
extend Jensen’s classification to the p-Einstein and R[p]-Einstein cases (we refer to
[1] for a classification of homogeneous weakly-Einstein four-manifolds). Our main
result is the following.

Theorem 1. Let (M, g) be a four-dimensional homogeneous manifold. Then

(1) (M, g) is weakly-FEinstein and non-symmetric if and only if it is homothetic
to the Lie group R x R3 with left-invariant metric determined by the Lie
algebra

les,e1] = e1, [es,e2] = —ea, les,e3] = —es,

(2) (M, g) is p-Einstein and non-symmetric if and only if it is homothetic to
one of the following:
(2.a) The Lie group SU(2) x R with left-invariant metric determined by the
Lie algebra

[e1,e2] = (4 £2V2)es, [e2,e3] = (3£2v2)er, e, e1] = ea,

[ea, e1] = —ea, [e4, €a] = (3 4+ 2v/2)ey,
(2.b) The Lie group R x H? with left-invariant metric determined by the Lie
algebra
1
[61;62] = €3, [61364] = 5617 [62764] = _5627
(2.c) The Lie group R x R3 with left-invariant metric determined by the Lie
algebra
lea, e1] = €1 — a(1+a+a2)e oz(l—i—a—i—aQ)6
4,€1 1 CEDECED) 2 %0 11 3
le, ea] = a(l+a+a?) o1t e+ (1+a—|—0¢2)26
4,€2| = [CETECE) 1 2 7{1(044_2) 3,
lea, e3] = *a(1+a+a2)e — (1+a+a2)26 - e
4,€3] = 20+ 1 1 CY(OZ+2) 2 a+153s
where {e1, ..., eq} is an orthonormal basis and a € (—1,1), a # —%, a# 0.

(3) (M, g) is R[p]-Einstein if and only if it is symmetric.

The paper is organized as follows. The symmetric case is analyzed in Section 2,
thus reducing the problem to the consideration of left-invariant metrics on Lie
groups. The p-Einstein condition is examined in Section 3 while the R[p]-Einstein
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condition is treated in Section 4. Finally the proof of Theorem 1 is given in Sec-
tion 5.

2. PRELIMINARIES

Bérard-Bergery showed in [2] that any complete and simply connected four
dimensional homogeneous space is either symmetric or a Lie group with a left-
invariant metric.

Lemma 2. Let (M, g) be a non-Einstein locally symmetric four-dimensional man-
ifold. Then the following are equivalent
(i) (M,g) is weakly-FEinstein.

(ii) (M,g) is p-Einstein.

(i) (M, g) is R[p]-Einstein.
Moreover, any of the above hold if and only if (M, g) is homothetic to the product
M =S? x H2.
Proof. Let (M,g) be a symmetric space. Since the Ricci tensor is parallel, the
Ricci curvatures are constant and the corresponding eigenspaces are parallel. Let
{K1,...,k4} be the Ricci curvatures. If (M,g) is non-Einstein, then there are at
least two-distinct Ricci curvatures. Let x be a Ricci curvature appearing with multi-
plicity one. Then the associated eigenspace splits off a one-dimensional manifold so
that (M, g) is locally isometric to Rx N for some three-dimensional symmetric man-
ifold N. Now such a product R x N (with (IV, gn) symmetric) is weakly-Einstein,
p-Einstein or R[p]-Einstein if and only if it is flat. Hence the only possibility is that
the Ricci operator has exactly two-distinct Ricci curvatures with multiplicity two.
Moreover, in such a case a standard calculation shows that the Ricci curvatures s
and kg satisfy k1 = —ko and the result follows. O

Hence we focus on left-invariant metrics in what remains of this paper. In order
to classify p-Einstein and R[p|-Einstein metrics, one needs to solve some systems of
polynomial equation on the structure constants. Whenever a system of polynomial
equations is simple, finding all common roots may be an easy task, but if the number
of polynomials and their degree increases, it usually becomes an unmanageable task.
Given S a system of polynomials PB; € R[zy,...,x,], a n-tuple Z is a solution for
S if and only if PB;(Z) = 0, for all 4. It is a fundamental observation that & is a
solution for the system if and only if it is a solution of the ideal Z = (;) generated
by the polynomials of the system.

Note that if two sets of polynomials generate the same ideal, the corresponding
zero sets must be identical. Hence one may try to simplify the problem looking for
“better” polynomials in the ideal, since the zero sets are the same. Grobner basis
provide an useful tool in solving systems of polynomial equations by following the
above strategy.

Let % = 27" - - - 28" with o € ZZ be a monomial in R[z1, ..., z,]. Establishing
an ordering on Z%, will induce an ordering on the monomials. We are specially
interested in the lexicographical ordering: We say that o >, 3 if in the vector
a— B € Z™, the leftmost non-zero entry is positive. Ordering the monomials of any
polynomial P = >"_ aqz® in Rlzy,...,z,] as before, the multidegree o f P is the
maximum o € Z%, so that a, # 0, where the maximum is taken with respect to
the lexicographical monomial ordering. The corresponding monomial is called the
leading term LT (P) = aqz®.
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Let Z C R[z1, ..., x,] be a non-zero ideal. Let LT(Z) be the set of leading terms
of all elements of Z and let (LT(Z)) be the ideal generated by the elements of LT(Z).
It is important to emphasize that if Z = (1, ...,Bx), then (LT(Z)) may be strictly
larger than the ideal (LT (B1),..., LT (Px)). A finite subset G = {g1,...,8,} of an
ideal 7 is said to be a Gréobner basis with respect to the lexicographical monomial
order if (LT(g1),...,LT(g,)) = (LT(Z)). The Hilbert Basis Theorem guarantees
that any non-zero ideal Z C R[z1,...,z,] has a Grobner basis. Furthermore, any
Grobner basis for an ideal Z is a basis of Z.

Buchberger’s algorithm (among others) provides a constructive algorithm to find
one such basis. Roughly speaking, it proceeds as follows

(1) Given an ideal Z C Rlzy,...,z,]. Choose g;, g; € Z with multidegrees «;

and a; respectively.
(2) Caleulate S(gi,g;) = —— il h (o, 07)
alculate S(g;,g;) = gi — g, where v = max(ay, a;).
7 LT(g)” LT(g)™’ !
(3) Compute the rest of the division of S(g;, g;) by all the polynomials in Z. If

the rest is nonzero, add S(g;,g;) to Z, and repeat until all rests are zero.

We refer to [10] for more information on Grobner basis.

3. LEFT-INVARIANT p-EINSTEIN METRICS

Since any non-symmetric homogeneous four-dimensional manifold is a Lie group
with a left-invariant metric, in this section we analyze the existence of p-Einstein
metrics on SL(2,R) x R and SU(2) x R, and the solvable cases corresponding to
the semi-direct products Rey x H3, Rey x E(1,1), Rey x E(2), and Rey x R3

3.1. Left-invariant j-Einstein metrics in SL(2,R) x R and SU(2) x R.

Lemma 3. SU(2) x R admits a non-FEinstein p-Einstein left invariant metric if
and only if it is homothetic to the Lie group determined by the Lie algebra given by

(32) [e1, €] = (4 +£2V2)es, [e1,es] = —ea, [e2,e3] = (3+2V2)ey
' leas e1] = —eo, [eas 2] = (3 +2V2)en,
where {eq, ..., e4} is an orthonormal basis. Moreover, SL(2,R) x R does not admit

any left-invariant p-Finstein metric.

Proof. Following Milnor [7], let {v1,v2,v3} be an orthonormal basis of the Lie
algebra g5 (s[(2,R) or su(2)) such that
[va, v3] = A1, [vs,v1] = Agva,  [v1,v2] = Agus, A1A2Az # 0.

Here A1, A2 and A3 are all positive for the Lie algebra su(2) and AjAsA3 < 0 in
the sl(2,R) case. Take vy (not necessarily orthogonal to gs) so that [va,v;] = 0,
for all ¢ = 1,2,3. Finally set e, = vg, (k = 1,2,3) and normalize the vector

Vg — 2?21@47 v;)v; so that {eq, ..., e4} is an orthonormal basis with brackets given
by
le1,e2] = Azes, [e2,e3] = Aeq, [e3, e1] = Azea,
1 1
(3.3) le1, eq] = E{k3)\2€2 — kaAses}, [e2,e4] = ﬁ{kf1)\3€3 —ksher},

1
[63,64] = E{kg)\lel — k’1>\262},, R >0.
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Let po = p — 2||lpl%g be the trace-free p-tensor. A straightforward calculation
shows that the py components are given by

16R4ﬁ011 =y, 4R4pv012 =y, 4R4ﬁ013 = Q:lsv 4R3i6014 = €147
16R4p022 =¢,,, 4R4p023 =&y, 4R3p024 = Cay, 16R4ﬁ033 = 5,

4R3ﬁ034 = 634» 16R4ﬁ044 = €44,

where the polynomials €;; are determined as follows.

Cr1 = RN+ 4R A3\ — 10R*N2A2 + 4kZR? A1 A3 + AR A1 A3 — 3kiA2 — 2K2R2)NS + RU)S
+EFO = A2)2(AF + 6 02 + 23) F4AR* M3 + 12R* A2 Ao )3 — 4k RZMA3A3 —4R* M A3 )3
FAEIN3A — 8EZRZX3A3 — 12R* A3 X3 — I0R*AINZ — 4k2R? A1 da X3 — AR* M A2 — 210303
+20k2REAZNE + 22RMNZN2 +4RIRZ A S + AR S + 4kT a3 — 8kZR? A3 — 12R A3
—3k1A; — 2kTRPAS 4+ RAG + k3 (M1 — A3)? (A 4+ 6013 + A3)
+2k5(R*(A1 — A3)(AT + AT (2A2 4 5A3) + A1 (—4A3 4 82 A3 — 5A3)

— A3(4X3 — 623 + 2A3)) — KT (A3 A2 (A2 — 2X3) + A3 (=22 + A3)

— 221 A3(A3 — 3X2X3 + A3)) 4+ k3 (AT + A3 4+ 203 (2 + A3) + 221203 (Ae + A3)
—203(203 + Aads 4+ 223))) + 2K3 (RE (A3 (M2 — 2X3) + AT(2X2 — \3) A3

+ 221 02(A3 = 3X2 A3 + A3)) + RE(A1 — A2) (A 4+ 23(5 A2 +203) + A1 (—=5A3 +8X2 )3 —4)3)
— )\2()\% — 623 + 4)\5))),

Cro = kika (REAINS —EIMAS —4RZAIAad3 —ARZA A3 + RENINZHEI N A2 A3 +6R A A2 )\3
FEIAINE 4 RZA3AE — k25 — R2AS — k3(\2 — A3) (A2 — A3)
+EIIAZ — A3 — A3z 4+ AaeA?)

Ci3 = kiks(RZAINS — K3A3 — R2AY — AR AID2)s + kX133 + 6RZMA3)s + REAINS
—ARZM AN+ EINIAE 4+ REAZAE — KNS — KS(AE — AD) (=A% + a1 )

FE3(=AT A2 + A3 A3+ ATA3 — A2d)),

Crs = —ki((R* (=21 + (A2 — X3)?) + KT (A2 — A3)) (A2 — As)?
+E22 (A1 — A3) (A3 — At ds(Da 4+ A3) — A3(2 A3 — 4h2)s 4+ A3))
+E 31 — A2)(AIAs — Ada(D2 + A3) — A2 A3 — 4ha)s +2)3))),

Cog = RN+ 4AR* X3 0o — 8KZRZAINZ — 10R*NIN3 4+ 4k2R2 M3 + AR* M3 + kiXs
2K RS RIS HES (A1 —A2)2 (AT +6 M1 A2+ A3) —12R* N3N — 4R AT Ao A3 + 12k R2A 1 A3
F12R* M AZA +H4ETAI A +8ET RZ A3 A3 +4AR* N33+ 8k REAINS +22R* N2 —4kTR? A1 M2 )3
—AR* X1 00X3 —10kIXA3AZ — 20K7 R2A3NZ — 10R*AZNZ — 12K2 R2 A1 08 — 12R* A3 +4kida N3
+ 8kIRZA2AS + AR Do A3 + kTS 4+ 26T RS 4+ RIS — k3 (01 — A3)2(BAF + 2X1 )3 + 3)3)
—2k3(R*(A1 — A3)2(A\F — 2A1 )2 + 6103 — 2X2)3 + A3)

+ Ek3(AT 4+ 62T X203 + A3 A3 — 203 (A2 + A3) — 2A102A3(A2 + A3)) + KT (AT A2(A2 — 2X3)

+ A3 (=202 + A3) — 2201 23(A3 — 3h2h3 + A3))) + 2k3 (KT (A3(A3 + 2A2)3 — 4)3)

+ 201 A2(A3 — A2As + A3) + AT (—4A3 4 2X2hs + A3))

+ R2(A1 = X2) O3+ 23(5 A2 — 6X3) — A2 (A3 + 2023 — 4203) + A1 (=523 — 8X2 )3 +423))),

Coz = koks(—R2AT + R2AINS — KIMAS + EEATA2)s + 6RZAI A0 — 4RZA 1 A3Ns + R2AINS
—ARP XA NEHEIAZNEH RENENZ—EINI NS K3 (NI A2 (A2 =X M) —kS (AT =22 h3) (M3 = \D)),

Cog = —ka(R®A} — RZXINZ 4+ KNS + k3 (01 — A3)* —4ARZA3N3 — 2K3 02 dads — 2kIM A3
F2RZAAIA + 2EIAINZ + 6 RZNIAZ 4 5E2 M X2 0E — K2 X3NE — REAZNZ —4kIA N3 —4R? M )3
+ RIS+ REIAS + K31 — A2) (A + A3( A2 —4X3) — A3z + A1 As(A2 +2)3))),

€33 = RN — 12R* XI o + 8ETRZAINS + 22RMNINZ — 12k3 R M08 — 12R* A3 + kXS
F2EERPAGHF RN —ES (A —A2)2(3AT 201 A2 +3)03) HAR N3 A3 —4R AT Ao d3 —4kZ R M1 A3 )3
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—AR* M N33+ 4TINS +-8ET REAS A3 +4R M35 — SkZ REAINE —10R* NIAZ +12kF R2 A1 Ao}
F12R* A1 X002 — 10kFAEAE — 20K2 R2AZNZ — 10R* N3NZ2 + 4EZRZ M A3 + AR N A3 + 4k da )3
+ 8KZRZXMoA3 + AR o3 + KIS + 2k2R? M4 + RS

FE3 (A1 = A3)2(A2 +6X1 3 + A3) — 2k3(R% (A1 — X2)2 (A2 + 6X1 02 + A3 — 201 A3 — 2X203)
+EE(O3 (A2 — 223) + AIA3(—2X2 + A3) — 201 A2(A3 — 3X2)3 + )3)))

+ 2k3 (K3 (AT + 6ATA2Xs + A3 A3 — 20T (A2 + A3) — 2A1h2 A3 (A2 + A3))

+ RP(A1 — A3) (A3 4+ A2(=6 A2 4+ 5X3) + A1(4A3 — 8X2Xs — 5A3) — A3(—4A3 +2X2A3 + )3))
FEZAZ(A3 4 2223 — 403) + 201 03(A3 — Aads + A3) + A3(—4)3 + 2200s + )2))),

Caq = —ks(R2AT + k3 (A1 — X2)* — ARPAINo + 2KTATAS + 6RPAIAS — 4T A3 — 4R A\ A3
+ EIAS 4 R2AS — 2K303ha)s 4+ 5EINAZA: — RZAINZ — 2K2 A1 0203 + 2R% A Ao )3 — kP32
— REA3NZ 4 RIS F R3O — A3) (A — Ao A2 AF (=402 4+ A3) + A1 X220z + X3))),

Caa = —3RNTHAR* N3y — 2R NINZ + 4E2RZM A3 + AR M3 + kXS — 2k7R?M\ — 3R )3
FES(O1 — A2)2 (A3 — 10A1 02 + A3) +4R* A3 — 4R NI A3 — 4kIR* M A303 — 4R A1 \3);
—12kT A3 — 8ETRAAIA: + 4R A3N3 — 2R*AIAZ — 4kT R* A1 2203 — 4R M1 2 )3 + 22k A303
+20k2R2AINZ — 2RANZNZ 4+ 4KZR2MAE + AR M3 — 12k$ 0008 — 8ETRZXoAS + 4R M )E
+ kTN — 2KIRZAS — 3R] + k301 — X3)2(\f — 10M1 )3 + A3)
+2k2(=RZ(A1 — A3)2(A2 — 20102 + 60103 — 2X2)3 + A2) + B2 + A302 — 63 (M2 + A3)
— 61 A2A3 (A2 + A3) 4+ 22T(223 4+ Th2ds 4+ 2)03)) + kT (A3(4A3 — 62ds + A3)

—2X123(3)A3 — TA2)3 + 3)3) + A3 (A3 — 6X2)3 + 4)3)))
— 2k (R*(A1 — A2)?(AT 4 612 + A3 — 20143 — 2X2X3) — kT (AT (403 — 6A2)s + A3)
— 221 22(3A3 — TA2)s + 3X2) + A3(A3 — 62223 + 423))).

Hence a left-invariant metric is g-Einstein if and only if the system {€;; = 0} has
a real solution. First of all, observe that if A\ = Ay = A3, then the Ricci operator
takes the form Ric = 3 diag[A%, A3, A%, 0], which shows that it cannot be -Einstein.

Now, we consider the terms k; at (3.3). Up to a permutation of the basis
{e1, e2,e3} one may assume that one of the following holds:

(i) kikoks # 0, (i) k1 = 0, kaks # 0, (7i1) k1 = ko = 0,ks # 0.
We analyze the different possibilities separately.

3.1.1. (Z) k‘lk‘ng 75 0. Let T C R[k1,k2,/€3,)\1,)\2,/\3,R] be the ideal generated
by the polynomials €;;. We compute a Grébner basis G of Z with respect to the
lexicographical order and a detailed analysis of that basis (using that kikoks # 0)
shows that the polynomial

RIMAZNZ(AS — A3Az + M)A — \3)

belongs to G. Since R*A1A3\3 # 0, one has that A\3 = £),.

Next, we compute a Grobner basis Gy of the ideal generated by G U {5 + A2}
with respect to the lexicographical order so that the polynomial R*A?)3 belongs
to G, which gives a contradiction since R*A?\3 # 0. Proceeding in the same way,
let Go of the ideal generated by G U {\3 — A2} with respect to the lexicographical
order. Then RS\;\3 belongs to Go, thus showing that no p-Einstein left-invariant
metrics may exist.

3.1.2. (i) k1 = 0, koks # 0. We compute a Grébner basis G of the ideal generated
by the polynomials {€;;} C Rlks, ks, A1, A2, Az, R] with respect to the lexicograph-
ical order so that g; = R®AA3(10A3 + 19A203 + 10A3) € G. Since RAa)3 # 0
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and 1023 + 19X2A3 + 10A3 = 0 has no real solutions, we get that no p-Einstein
left-invariant metric may exist.

3.1.3. (i13) ky = ko = 0, k3 # 0. We compute a Grébner basis G of the ideal
generated by the polynomials {€;;} C R[A1, A2, A3, k3, R] with respect to the lexi-
cographical order so that g; = k3R8(k2 — R%)\L € G. Since k3RA3 # 0, the only
possible solutions of g; = 0 are k3 = +R.

Assume k3 = R and compute a Grobner basis Gy of the ideal generated by
G U {k3 — R}. Since the polynomial go = R*(\; + A2 — A\3)\] € Gi, one has that
A3 = A1 + A2. Proceeding exactly in the same way under the assumption k3 = —R,
one gets as in the previous case that A3 = A1 +Xy. Now a straightforward calculation
shows that

Caq = —R3(A\; — A2)2(AF — 6A1 00 + )\2).

If \; = Ag, then €17 = —16R*\3 # 0. Hence assume A3 — 6A\1 )2 + A3 = 0, and
thus A\; = (3 4+ 2v/2)Xs. A straightforward calculation now shows that the Ricci
operator takes the form

4432 0 0 0
o2 0 —4F3V2 0 0
Ric = 2X; 0 0 342v2 3+2v2 |’
0 0 3+2v2 —3F2V2

from where it follows that the left-invariant metric determined by k3 = R, \; =
A3 — Az, A3 = (4 + 2v/2))\y is p-Einstein. Finally, considering the homothetic
basis e, = )\%ek, the Lie algebra structure (3.2) is obtained, thus completing the
proof. O

3.2. Left-invariant p-Einstein metrics in Rey x E(1,1) and Rey x E(2).

Lemma 4. Rey X E(1,1) and Rey x E(2) do not admit non-Einstein p-FEinstein
left invariant metrics.

Proof. Let g5 be either the Poincare algebra e(1,1) or the Euclidean algebra e(2).
There exist an orthonormal basis {v1, v, v3} of g5 such that (see [7])

[U17U2] - Oa [U27U3] - )\l’Ula [U3) Ul] - )\2’023

where Aj Ay # 0. Moreover AAe > 0 if g3 = F(2) (M2 < 01if g5 = E(1,1)).
Expressing a derivation of g; with respect to {v1, va,vs}, one has

b a c
A2

der(g;) = —A—la b d |;abec,deER
0 0 0

Extend {v1,va,v3} to a basis {v1,v2,v3,v4} so that ad(vy) is determined by the
derivation and consider an orthonormal basis {e;} so that e; = v; for i = 1,2,3 and
e4 is obtained after normalization of v4 — ). (v4,v;)v;. Then one has the nonzero
Lie brackets

[62763} = )\1161, [63761} = )\1262,
(34) [64761} = E{bel — )\2(% + k3)€2}, [64,62} = E{(a + kg)\l)el + b€2},

1
[ea, €3] = E{(C —kaXi)er + (d+ kidz2)e2}, R >0,
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To simplify the notation, set A = )\i + k3, C =c— ko and D = d + k1o
1

1
Moreover, since A\ Ao # 0, we work with an homothetic basis é; = )\—ei, so that we
1

may assume A; = 1.
A straightforward calculation shows that the components of gy = p— 1||p||?g are
given by

16R4pv011 = Q:lla 4R4,5012 = C127 4R4ﬁ013 = Q:l57 4R3:5014 = €l4’
16R4ﬁ022 - 0:227 4R4p023 = Q:Z37 4R3p024 = Q:Z47 16R4ﬁ033 = 0:337

4R3po,, = €5,,  16RYpo,, = €4y,

where the polynomials €;; now become

€11 = 16b* + C* — 2C%D? — 3D* + 2C?R? 4+ R* 4+ 4C?R*)\3 + 4D*R* ),
+4R* X2 — 8C%R?)\3 — 2D?R*)\; — 10R*)\3 + 4R* A} + R*\3 — 4AbCD(5 + X2)
+ A (=14 X2)?(1 4 622 + A3) + 24%(R? + 2D%* )2 + 4R?)3 — D?)\3 — 10R?)\3
+ARX3 4+ RS 4+ C*(1 + 202 — 403) 4+ 1662 (=1 4+ \3))
—26%(7C? + 9D? — 16 R?(—1 + \3)),

€12 = —A’CDXy + CD(b? + C* + D? — R*X2) + Ab(—16b>(—1 + A2)
— D2(24 X2) + C%(1 4 2)2)),

C13 = 6bC(20° + R2(—1 4 A2)A2) + A%bC(—1 — 222 + 3X3) + A3D (X2 — AD)
— AD(C? 4 2b*(=3 + 5X2) + A2(D? + R2(—1+ )3))),

C1a = —(A?DX2(=1 4 A3) + AbC(1 — 4Xz + 303) + D(C? + \2(8b* + D?
+ R*(=1+A3)))),

Cao = 16b* — 3C* —2C%D? 4+ D* — 2C%R? —8D?R? + R* + 4C*R?* ),
+4D*R?*X\o 4+ 4R* X2 + 2D*R?*)\3 — 10R* M3 + 4R*)\3 + R*)\3 + 4AbCD(1 + 5)2)
+ AN (=14 X2)2(1 + 6X2 + A3) + 24%(—4D? + R? + 2D*)\y + 4R* X2 + D?)3
—10R*X\3 4+ 4R?)\3 + R?M\3 + C%(—1 + 2X2) — 16b%(—1 + A3))

—2b%(9C? + 7TD? + 16 R*(—1 + \3)),

€23 = 6D (26> — R%(—1 + X\2)) — A%bD (=3 + 2X2 + A\3) 4+ A3(C — C)3)
+ AC(C? + R +b*(10 — 6)2) + D2 — R?)\3),
Coq = —ADD(3 — 4)h2 + A3) + A%(C — CA3) + C(8V* + C* + R* + D)y — R?)\3),
Cs3 = —48b* + C* +2C%D? 4+ D* + 18b*(C? + D?) + 2C*R?* + 8D?*R? + R*
— 20AbCD(—1 + X2) — 12C?R*\2 — 12D?R*\3 — 12R* )2 + 8C?R*)\3 + 2D?R?)\3
+22R*X\2 — 12R*A3 4+ R*A: — A*(—1+ X2)2(3+2X2 + 3)2)
—2A2%(C? 4+ R* + 8b?(—1+ A2)? —2C%X\y — 2D?*X2 + 4R* X2 4+ D*)\3
— 10R?)3 + 4R?)\3 + R?)\3),
Caa = —(3bC'D(—14 A2) + A3 (=14 A2)* + A(2D? + R? + 4% (=1 + X\2)? — 4D?*)2
—4R?Xs + D*A3 + 6R?N\3 — AR5 + R2)5 + C?(1 — 4)2 + 2)3))),
Caa = 16b* + C* +2C%D? 4 D* + 146*(C? + D?) — 2C*R? — 3R*
+4AbCD(—1 + Xo) +4C?R?*\y +4D?*R*Xg + 4R* )Xo — 2D?R?)\3 — 2R*)\3 + 4R*\3
— 3R+ AYN (=14 X2)%(1 — 10X2 4+ A3) + 24%2(4D% — R? 4+ 8b*(—1 + X2)? — 6D? )Xo
—4R*Xy 4+ D223 4+ 10R?A\3 — 4R?)3 — R2)\3 + C?(1 — 6)2 + 4)3)).
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Hence a left-invariant metric determined by (3.4) is g-Einstein if and only if the
system of equations {€;; = 0} is satisfied. Let Z C R[A,b, A2, C, D, R] the ideal
generated by the polynomials €;;. We compute a Grobner basis G C Z with respect
to the lexicographic order so that the polynomial go = CD?(C? + D?)R*(5C? +
D? + R?) belongs to G. Hence C' =0 or D = 0, since R > 0.

3.2.1. Case C' = 0. Assuming C' = 0, we compute a Grébner basis G; of the ideal
generated by G U {C'} with respect to the lexicographical order. Since g; = AD*
belongs to Gp, one has:we used one has several time and if these sentences remain
we must change does with appropriate expression that either A =0 or D = 0.
If we have C = D = 0, then €,, = —(16A4b%>(—1 + X2)). Hence one has that
A=0,b=0o0r Ay =1. If A =0, then we have that
€y = 16b* + 3262 R%2(\2 — 1) + R*(\g — 1)2(1 4 6Xa + A3)
€., = 166% — 3202 R2(A\3 — 1) + RY (A3 — 1)2(1 + 6X2 + A3)
€ 5 = —48b* + R* (A3 — 1)%(1 — 10X2 + A3)
€, = 166" — RY (A2 — 1)2(3 + 2X2 + 3)3).
Now one has b = =R and A2 = 1, leading to an Einstein metric. Assume now that
A#0and b=0. Then €;, = —(A(A% + R?)(—1+ X\2)*) and one has that Ay =1,
leading again to an Einstein metric. Finally, assuming A £ 0, b # 0 and Ay = 1,
one has €¢,, = b* which has no solution since b £ 0.
Next assume C' = A = 0, D # 0. Then €,; = 6bD(2b> — R*(—1 + )A2)) shows
22
that either b=0or Ay =1+ §2k If b = 0 then €,, = —DXo(D? + R*(—1+ A3))
and thus D = £+4/R?(1 — A\2). Now a straightforward calculation gives

€, =¢,, =2R*(—1 44\ — 3)3)
C,, =2RY (=3 +4)\ — \3)
€5 = 2R4Y(5 — 1200 + 7)3).

Then one has that Ay = 1 and thus D = 0, which is a contradiction.
2

2b 1
Assume now Ay = 1+ 2 and b # 0. Then €,, = _ﬁD(2b2 + R%)(4b* +
12b2R? + D?R?). Since €,, = 0 has no real solutions, no j-Einstein metrics may
occur in this setting.

3.2.2. Case D = 0. Assume C # 0 and compute a Grébner basis Gy of the ideal
generated G U {D} with respect to the lexicographic order. Since the polynomial
go = AC*)\3 belongs to Go, one has that A = 0.

A standard calculation now gives €, ; = 6bC/(2b* + R?(—1+ A2)\2), and so either

b=0orb= :I:%\/RQ(l — A2)A2. If =0, then €,, = C(C? — R*(—1+ A\3)), and
thus C' = £R\/A\3 — 1. Then one has

€= —223(1 —4Xy + 3)3)

€, =€, =—-2\3(3—4X +)\3)

€,y = 203(7 — 12\ + 5A2).
Therefore one has A2 = 1 and the metric is Einstein. ( IN THIS CASE, IF A\ =1,
THEN C =0, WHICH IS A CONTRADICTION)

Setting b = :t% R2(1 — A2)A2, one has €,, = C(C?+R?(1+4X2—5)3)). Hence

C = £Ry/—1—4)3 +5A3 and one has €;; = £R*\o(—3 + 13Xy — 1322 + 3)3), for
all i = 1,2,3,4. Since Ao # 0, the solutions of €; = 0 are Ay = 1, Ay = 3 and
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1
Ao = —. The solution Ao = 1 gives rise to an Einstein metric, whereas Ao = 3

1
and Ay = 3 give rise to some equation without real solutions. This completes the
proof. ([
3.3. Left-invariant p-Einstein metrics in Rey x H3.
Lemma 5. Rey x H? admits a non-Einstein p-Einstein left invariant metric if and
only if it is homothetic to the Lie group determined by the Lie algebra
1 1

(3.5) [e1, e2] = €3, lea, e1] = *561, e, 2] = 5637
where {e1,...,e4} is an orthonormal basis.
Proof. Let g = R x h3 be a semi-direct product of R with the Heisenberg algebra
hs. Let (-, -) be an inner product on g. Let {v1,v2,v3} be an orthonormal basis
of b3z so that

[U17’U2] = Y3, [’Ug,l}g,] = Oa [U17U3] = 07 Y 7é 0.

The derivations of h; with respect to the basis {v1,v2,v3} are given by

a c 0
der(h;) = —c d 0 sa,c,d,h, f € R
h f a+d

Let {v1,va,v3,v4} be a basis of g, where ad(ey) is determined by a derivation as
above. After normalization, as in the previous cases, there is an orthonormal basis
{e1,e2,e3,e4} of (g, (-, -)) where the nonzero Lie brackets are given as follows

1

e, e2] = e, lea, e1] = E{ael —cez + (h + kay)es},
(3.6)

1 1
[es, e3] = E(a +d)es, les,e2] = R{cel +des + (f — kiy)es}, R>0.
In order to simplify the notation, set F = f — kyy and H = h + koy. Moreover,
since v # 0, working with an homothetic basis é; = —e;, so that we may assume
7 = 1. Then the components of the tracefree tensor py = p — ||p||%g are given by
16R4[)011 =&y, 4]%416012 =, 4R4/6013 = 6137 4R3[)014 = Qtl4’
16R4ﬁ022 =0,,, 4R4ﬁ023 = 6237 4R3[5024 = 6247 16R4/j033 = 0:33’
4R3/§034 = C54a 16R4/3044 = €44»

where the polynomials €;; are as follows

€11 = 16a* — 48d* — 16d*F? — 3F* — 28cdF H + 18d*H? — 2F?H? + H*
+2c2(4d* + F? — H?) — 2F?R? + 2H?R? + R* 4 2a*(4¢* — 56d* — 9F? + 16 H? + 16 R?)
— 4a(4c*d 4 3cFH + 2d(16d* + 3F? — TH? — 4R?)),
€12 = 8a’c — FH + 2a*(4cd + 5F H) + cd(—8d* — 4F? + H? — 4R?)
+ FH(10d? + F? + H? + R?) + a(21dFH — ¢(8d* + F? — 4(H? + R?))),
€13 = 16a*H — 2c*dH + d(12d* — F?)H + a*(—2cF + 48dH) + a(—14cdF + 2¢*H
+ (44d* + F?)H) + cF(—8d* + F? + H?),
€14 = 8a%F + 8adF + 4d*F + F3 — 2acH + 2¢dH + FH? 4+ FR?,
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Cop = —48a* — 128a%d + 16d* + 32d°F? + F* 4 12¢cdF H — 18d*H? — 2F?H?* — 3H*
+2a?(4c? — 56d* + 9F? — 8H?) + 2¢*(4d® — F? + H?) + 32d*°R* + 2F*R? — 2H°R?
+ R* — 4a(4c*d — TcFH — 2d(7F? — 3H*? + 4R?)),

Coz = 120*F + 2¢*dF + a*(44dF + 8cH) + dF (16d* 4+ H?) — cH(—2d* + F? + H?)
+a(—2c°F + 48d*F + 14cdH — FH?),

Co4 = —(2¢dF + 4a®H + a(—2cF + 8dH) + H(8d*> + F? 4+ H? + R?)),

Cs3 = 16a* + 128a®d 4 16d* — 32d*°F? + F* + 4cdFH — 14d*H*? + 2F?H* + H*
+2c%(—4d® + F? + H?) — 32d*R* + 2F?R? + 2H?R? + R* — 2a°(4¢® — 104d>
+7F? 4+ 16 H? + 16R?) + 4a(4c*d — cF H + 2d(16d* — 5F% — 5H? — 8R?)),

Csq = (—a+ d)FH — ¢(F? + H?),

Caa = 16a* +16d* +16d*F% + F* +12cdF H +14d* H* +2F?H? + H* — 2¢*(4d* + F? 4+ H?)
+2a%(—4c* +8d* +TF2 +8H?) +-4a(4c*d—3cFH+2d(F? + H?)) —2F?R* - 2H?R* - 3R*.

Hence a left-invariant metric determined by (3.6) is p-Einstein if and only if
the system of equations {€j; = 0} is satisfied. Let Z C Ra, ¢, d, H, F, R] the ideal
generated by the polynomials €;;. We compute a Grobner basis G C Z with respect
to the lexicographic order so that the polynomial gg = FH(F?+ H?+ R?)?(15F2% +
15H? + 32R?) belongs to G. Hence F =0 or H = 0, since R > 0.

Assume F' = 0 and compute a Grobner basis Gg; of the ideal generated G U {F'}
with respect to the lexicographic order. Since the polynomial gy, = H?(H? +
R?)(4H? + 9R?) belongs to Go1, one has that H = 0. On the other hand, assuming
H = 0 and computing a Grébner basis Goo of the ideal generated G U {H} with
respect to the lexicographic order, one has that goo = F?(F? + R?)(4F? + 9R?) €
Go2, thus showing that F = 0.

We assume therefore that F' = H = 0 in what follows. Then one has that

¢, = 4c(a — d)(2a* + 4ad + 2d* + R?)

and the only possible real zeros are ¢ =0 and a = d.
If ¢ = 0, then the only remaining equations are

€., = 16a* — 112a2d? — 128ad® — 48d* + 32a%R? + 32adR? + R*

¢,, = —48a* — 128a*d — 112a%d? + 16d* + 32adR? + 32d?R? + R*

¢ 16a* + 128a%d 4 16d* — 32d?R? + R* + 16a2(13d? — 2R?) + 64a(2d® — dR?)
—3R* 4+ 16(a* + a%d? + d*),

N

3
Cys

w

and the only possible solutions for the system are d = +a and 2a = = R. The cases
corresponding to d = a are Einstein so we assume d = —a and 2a = £R. A straight-
1
forward calculation now shows that Ricci operator Ric = 3 diag[—1,—-1,1,—1] and
hence the left-invariant metric is p-Einstein. This shows (5).
Finally, assuming a = d, ¢ # 0, one has that ¢,, = 3(—R* + 16a*). Hence
2a = R, and the corresponding left-invariant metrics are Einstein. O

3.4. Left-invariant p-Einstein metrics in Rey x R3.

Lemma 6. Rey x R? admits a non-Einstein p-FEinstein left invariant metric if and
only if it is homothetic to a Lie group determined by a solvable Lie algebra given by
[es, e1] = e1 + bes + ces, [eq, e2] = —bey + ey + hes,

(3.7)
[ea, e3] = —ce1 — hea — ;F5es,
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where

1 2\2 1 2\2 1 2
b:_Oé( +OZ+KOK) 7 h:(+0(+a)’ C:a( —|—Oé+0(), QER,Q#O.
(a+1)%(a® —1) ala+2) 2a+1
Proof. Let t3 be the abelian algebra. The corresponding algebra of derivations
is gl(3,R). For any D € gl(3,R), decomposing it into its symmetric and skew-
symmetric part, one has

a —b —c
der(tS) = b f —h ;a‘abac7f7hap€R
c h p

The corresponding semi-direct product R @ t3 expresses in an orthonormal basis
{e1,...,e4} as

1 1
leq, €1] = E(ael + bes + ce3), [e4, €2] = E(_bel + fea + hes),

1
[e4, €3] = E(_Cel — hes +pes), R > 0.

(3.8)

Furthermore, considering the homothetic basis e, = Reg, one may assume R = 1
in what follows. A straightforward calculation shows that gy = p — %|/p[|%g is
determined by

2R'po,, = €1y, R0y, = Chay R0, = €us, foys =0,
2R po,, = Cozy Rpoy, = €o5, oy =0, R*pogs = 55,
Poss =0, 2R*po,, = €4y,

where the polynomials €;; are given by

Q:ll — 7(7@4 7b2f2 +f4 +f2h2 +f3p7 2fh2p762p2 +2f2p2 +h2p2 +fp3 +p4
= 3a(f +p) = a®(b? + ¢ + 3fp) + a(2f + f* + 2¢°p + f7p + fp* + 7)),

€2 = —a’b+ a(bf? + ch(f — p)) + chp(—f + p) — &®b(f +p) + bf*(f + ),
€z = —a’c+ bfh(—f +p) — a’e(f +p) + cp*(f + p) + a(bh(f — p) + ep®),

¢22 — _(a4 _b2f2 _f4 _f2h2 _3f3p+2fh2p+62p2 _ h2p2 +fp3 +p4
+a®(f +p) + a0’ f = 3f° —2%p = 3f°p + [ +p°) + (= + & + p(f +2p))),

Ca3 = a’be — f°h — f*hp+ hp® — a(bc + h(f — p))(f + p) + fp(bc + hp),

Csz = —(a* + 02+ f* — f2h> + fPp+ 2fh°p — *p* — h?p® — 3fp® — p*
+a®(f +p) +a(=20>f + f> +2Pp+ fp — 3fp* = 3p®) + a>(b° — & + f(2f + 1)),

@44 — —(—CL4 +b2f2 —f4 +f2h2 _|_f.3p_ 2fh2p+62p2 _ 2f2p2 +h2p2 +fp3 _p4
+a’(f+p) +a® (0" + = 2f* + fp— 20°) + a(=20"f + f* — 27p + fp + fp* +p%)).

Further observe from (3.8) that the structure constants are symmetric (up to a
change of basis) in the parameters b, ¢, h as well as in the parameters a, f,p. This
clearly influence the polynomials €;;. We are firstly considering the following four
cases.
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3.4.1. Assume a = f. Then €, = ch(f —p)?. One easily checks that if f = p then
the metric Einstein. Hence f # p and either ¢ =0 or h = 0.

If ¢ = 0, then €,5; = h(—2f% — f?p + 2fp* + p*). Now, if h = 0, then €,, =
(f—p)%(2f%+p?), which contradicts f # p. If h # 0, then either p = —2f orp = —f.
Setting p = —2f one gets €,, = —9f2(2f? + h?). Hence f =0 and thus f =p =0
which is a contradiction. Finally, if p = —f, then one gets €,, = —2f2(f? + h?),
which also leads to a contradiction.

If h=0and ¢ # 0, then €,; = ¢(=2f3 — f?p+ 2fp? + p*) and hence p = —2f
or p = —f. Proceeding in a completely analogous was as in the previous case with
the coefficient €,, one gets that no p-Einstein metrics may exist in this case.

Since the system of polynomial equations is symmetric up to a change of the
basis {ex}, the previous case also includes the situations ¢ = p and f = p. Hence
we assume in what follows that a # p, a # f and p # f.

3.4.2. Assume a = —f. Then €15 = ch(—f? + p?) and, since a # p, a # f and
p# f,one hasc=0or h =0.

If ¢ = 0 then €a3 = hp(—f2 + p?) and thus h = 0 or p = 0. If h = 0, then we
have the system of equations

0:11 :Q:zz :4b2f2_2f4_f2p2_p4
Cyy = —4b?f2 —2f* = 3f2p? + p*
€y = —4b2f2 + 614 + 512p? + p*,

which has no real solutions. If p = 0, h # 0 then €13 = —2bf?h. Hence b = 0 and
then €1; = —f?(2f% + h?), which has no zeroes. This shows that ¢ cannot be zero.
If h =0, c # 0 then €13 = ep(—f? + p?) and the only possibility is p = 0, but
then €53 = 2bcf?, which implies that b = 0 and thus € = —f?(c? + 2f2), which
has no zeroes.
Therefore, we have seen that a ## — f. Hence, by considering appropriate changes
on the basis {e,} one has that a? # f2, a? # p?, f? # p°.

3.4.3. Assume ¢ = 0. Then €12 = —b(a® — f?)(a+ f + p), and thus either b =0 or
a+ f+p=0.

If a + f +p = 0 then €13 = bh(—2f? + fp + p?), and hence either b =0, h = 0
or p = —2f. Note that the later condition is not possible since a + f +p = 0 and
p = —2f would give a = f, which is a contradiction. If b = 0, then we have

€ =2(=f* = 2%p + fp(h* — 2p?)) — p*(h* + 2p®) — f1*(h1? + 6p1?)
€, =€y = =2f* —4f3p + f2(h* — 6p*) + p*(h* — 2p*) — 2fp(h* + 2p?)
9:44 = _hQ(f - p)2 + 6(f2 + fp +p2)2a

which has no real solution. Assuming A = 0 and b # 0, one has

€y =C =2(2f +p) —2(f2 + fp+p?)?
¢33 = _b2(2f +p)2 - 2(f2 + fp+p2)2
Cyy = _h2(f —p)2 + 6(f2 + fp+p2)2,

which again has no real solution.
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Set now b = 0 and assume a + f +p # 0. Then €3 = —h(a + f + p)(f2 — p?)
shows that h = 0. Now the system of polynomial equations becomes
C1J. :a4_f4+3a2fp_f3p_2f2 2_fp3_p4
+3a°(f +p) —a(f> + f*p+ fp* +p°)
Q:zz = 7a4+f4+3f3p7fp3 7p4 *aB(.f“Fp)
—a®p(f +2p) — a(=3f° = 3f*p + fp* +p?)
Cyy = —a* — f* = fPp+3fp° +p* —a®(f +p)
—af(2f +p) — alf’ + f*p - 3fp* — 3p?)
Cyy = —2a*(a+ f+p)* = fPla+ f+p)?
—p*a+ f+p)?+3(a® + 2 + %)%
and again it has no real solution.

Hence we may assume ¢ # 0 and, up to a change of basis, one has that ¢ # 0,
b# 0 and h # 0.

3.4.4. Assume a+ f +p=0. Then €15 = —ch(f? + fp — 2p?) and thus p = f or
p= —%f, which contradicts a? # f2 and p? # a?.

We now return to the original system {€;; = 0}. Based on the analysis of the
previous cases, the polynomial

€ =—a®b+a(bf? + ch(f —p)) + chp(—f +p) — a®b(f +p) + bf*(f + p),

ch(a —p)(f —p)
(a2 = fA)(a+ f+Dp)

(aJrQ;)a_J;{Jr:D) Q:ls — gt + f3p _ h2p2 + 3a3(f +p) - f2(h2 - 2p2)
+a2(3f2 + Tfp+3p) + fF(2h%p + p*) + a(f* + 5/°p + 5fp* + p°).

(a+ f)la+p)(a+ f+p)?

gives b = . Substituting b in €, 5, it becomes

Hence h? = 7 B . Replacing again in the equations, one gets
-P
(a+£zz(jaj}1)‘+p) ¢, = f4 + 3f3p — 2P+ 3f2p2 + fp3 + a3(f +p)

+a*(—c2 + 32+ 5fp+2p*) +a(3f% + 2c°p + Tf*p + 5 fp* + p?),

(a+f)(f +p)a+ f+p)?
(a—p)?
@11 == 622 = Q:33 = 644, Where

Ci=a*(f+p)+al(f+p)*+ fp(f*>+ fp+p°) +a®(f> +3fp+p?).

The only real solutions of €;; = 0 are ¢ = f = 0 (which gives an Einstein metric)
af
a+ f’
Next observe that setting €1 = es, €2 = €1, €3 = e3, €4 = e4 one gets an isometry
interchanging a and f. Furthermore since p # a, p # f the constants a, f satisfy
af # 0. Hence considering the homothetic basis €, = éek one may assume that

and thus ¢ = . Now, the only remaining equations are

and p = —

a = 1. Finally setting f = a one has that p = — 397 and the remaining structure
constants are given by
(1+a+a?)? a(l+a+a?) a(l+a+a?)?

h=ep——, c=eg,.———>, b= —cpe,

ala+2) 200+ 1 (a+1)2(a® —1)’
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where €2 = ¢ = 1. Finally since €] = —eq, e} = —es (resp., €] = —eq, e} = —e3
and el = —eq, e} = —e3 )determines an isometry interchanging the signs of ¢ and
h (resp., the signs of b and h and the signs of b and ¢) we may assume ¢, = ¢, = 1.
We recall that the values a = 0, a = =2, a = —% and o = £1 are not possible
since a® # f2, a® # p? and f? # p?. Furthermore, the isometry interchanging a
and f induces an isometry interchanging « with é

Finally observe that the Ricci operator takes the form

-1 % o« 0
2 _a —
Ric— Lrata | a5 —a 1 0
a+tl a1 55 0
1+a+a2
0 0 0 —lade

which shows that the left-invariant metrics (3.7) are p-Einstein but not Einstein. [

4. LEFT-INVARIANT R|[p|-EINSTEIN METRICS

We show that, in contrast with the weakly-Einstein and the p-Einstein situations,
a four-dimensional homogeneous R[p]-Einstein metric is necessarily Einstein or the
symmetric product given in Lemma 2. The result follows after a case by case
analysis of the left-invariant metrics on four-dimensional Lie groups.

4.1. Left-invariant R[p]-Einstein metrics in SL(2,R) x R and SU(R) x R.

Lemma 7. SA’E(Q, R) xR and SU(R) xR do not admit R[p|-FEinstein left invariant
metrics.

Proof. Let R[p]o be the trace-free tensor R[plo = R[p] — 1|p||>g. A straightforward
calculation shows that the components of R[p]y for any left-invariant metric (3.3)
are given by

16R4R[p]011 = 9C{llv 8R4R[p}012 = SRl?-’ 8R4R[p}013 = SRlS’ 8R3R[p]014 = %14’
16R4R[p]022 =NR,,, 8R4R[p]023 = ml3a 8R3R[p]024 = 9%24’ 16R4R[Io}033 = mSSa
SRSR[p]034 =Ry, 16R4R[p]044 =Ry,

where the polynomials R;; are

R = —TRIATHFSRIN N HT10R NINE —4kI RZA A — 16 R* M A3 —3kI A+ 2k RN +5R S
— k51 = X2)2(TAZ +6X1 A2 —5A3) +8R*IAI N — 28 R* Ao A3 +4EI RZA1 A3 A3 + 16 R* A A3 )3
+ Ak + 8KIRZA3As + AR A3 s + 10RINIAZ + 4kZ R A1 Mo 02 + 16 R A1 Ao X2 — 2102032
— 20k7RZA3N2 — 18R*AZAE — 4KTRZA 3 — 16R*AAS + 4k 203 + 8KkER? A0S
+ AR oA} — KIS 4+ 2K RN, 4+ SRS — ks(0a — X3)2(7TAT + 6 13 — 5A3)
+2k5(—R*(A1 — A2)(TAT — AT(A2 +4A3) + A2(BA3 4 2X2hs — 4)3)

+ A1 (1103 + 10X2A3 — 223)) + kT (AT (4h2 — 5A3) Az 4+ 201 h2(=A3 + A2 Xz + A3)

+ A5(A3 — 4A2As + 223))) + 2k3 (kT (ATA2(—BA2 + 4A3) 4+ 2M1A3(A3 + Aads — A3)
+A3(203 — 4h2h3 + A3)) + K3 (—=TAT + 5A3M3 +4XF (02 + Az) — 8A1 A2 Az (A2 + A3)
+2207(A3 4+ 3223 +A2) — R2(A1 — X3)(TAT = AT(4 A2 + X3) + M1 (=203 + 102223 — 1123)
+ A3(—4A3 + 2X2A3 + 5A3))),

Ri2 = k1ko (R2>\§)\2 —2R2)\%)\% +2k’%)\1)\§ +R2/\1)\§ +5R2)\%)\2)\3 —2]6%)\1)\%)\34—5}?2)\1)\%)\3
—ARPXNINE — 2kI M1 223 — 1AR* X223 — 4kIXN3A3 — ARZX3M% + 2kI 003 + 8R2 M3
+ 8kTA2 A3 + 8RZA2AS — 4kTAS — ARPAS + 2k3 (M1 — A3)2(Mid2 + (A2 — 2X3)A3)
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+ K3 (A1 = A2)* (A2 = 3A3)As + M2 + X3))),

Rz = kiks(—4RZAINS + 2k3 M 03 + 8R2A NS — 4kIXN5 — 4R34 RPA3A3 +5R* A3\
—2kIMA3As — TARZP MM )3 + SETAS A + 8RZA3A; — 2RZAIA3 — 2k7 A1 A2 )3 4+ 5RZ A1 203
—4KINIAE — ARZX3NE 4 2KI NS F REAAS 4 2k3( A1 — A2)2 (=203 + A1 Az 4 A2ds)
+k5(A1 — A3)*(A2(=3X2 + A3) + Ai(A2 + A3))),

Ria = k1 (k3 (A1 — X2)(—4M A3 + 4203 + AIs + 201 0203 + 62323 — 3A103 — 6)2)3)
+ k21— A3)(APA2 — X303 4 62223 + 423 4+ M1 (—3)3 + 22203 — 423))
—2(X2 = X3)’(2R* (A1 + A2 + A3)? — kT (A2 + Aa) (A1 — 2(A2 + X)),

Moo = SRIAT — I6R* AP Na + 4ETRZAINS + 10R* AINZ + 8kZRZ M A3 4+ SR M A3 — TEk1NS
— 14E2R2N: — TR*AS + k2 (01 — X2)2(BAZ — 6A1ha — TA2) + AR* A3 A3 + 4kZR2 A2
+16R* A Aads — 28KTRZM A3 — 28R A1 A3 + S8ET A3 A3 + 16T RZA3A3 + SR A3 )3
— 8KTRZAIAZ — 18R*AINZ 4+ 16k7R* A1 MaA3 4+ 16R* A1 X2 )3 + 10E1AZA3 4+ 2067 R2A3)3
+ 10R*AZINZ + kI R2 A AS + AR M A3 — 16k A3 — 32k7RZMoA3 — 16 R* Mo + BkiA:
+10k3R*X\S + 5R* A% — k3(A1 — X3)2(3)\3 + 2013 + 3)3)
+ ng(RQ()\l — )\S)Q(A% —2X1 A2 + 613 — 22 A3 + )\g) + k%()\‘f — 5)\%)\% + 2)\%)\3(A2 =+ )\3)
4221 0023(202 + A3) — 225 (A2 + 2X3)) + AT (A3 (=22 4 A3) + 221 03(20% + X2 Az — 2)0))
FAZ(=BA3 4 22223 4+ 2203))) + 2k3 (R2(A1 — X2)(BAT + AI(—11)h2 + 2X3)
+ A2 (7)\% — 4 o \3 — 2)\%) — )\1()\% — 10X2 A3 + 4)\%)) + k‘? (2)\1)\2(2)\% + 323 — 4)\%)
FAZ(=TA3 4 4d2Xs 4 203) 4+ A2 (202 — 8Xa)3 + 5A2))),

Moz = koks(—4R?AT 4+ 8RZX3 Ao — 3ETAINS — 4RZNIN3 4+ EIA A3 + 8RZAA; + 6kTAT A2z
— T4ARZX2XoA3 — K2 XMA3As + SRZMAZAs + k2303 4+ REIA3As — 3kIAIN3 — 4R2A2\3
— E2AI A2 + BRZA AN — 2K2 03202 — 2RZXZNZ + K2AA3 + k2o + R2aAS
—2k3( A1 — A3)2(22F — A1 A2 — Aads) — 2k3 (A1 — A2)2(207 — A1 Az — Aa3)),

Roa = —k2(4RZAT — 8RZXN3No + 3KIAIAZ + 4RPAIN] — kIAA3 4+ 3kIAT A2 )3 + 8RZAI A3
— B2 — 8RZA1AZAs — 6kIAIN3 — SRZAIN — 4kZ A1 hadd + 8RZ A1 A )E + 4k N33
FARPAINZ + 6kZN1E — 8kZ A0S — 8RZXAS + 4k203 + AR%)\S
+2k3 (A1 — A3)% (A1 4+ X3)(2 A1 — Ao 4+ 223) + E3(A1 — A2)(4AF 4+ 221 (M2 — 3A3) A3
+ A2(A2 — 3X3) A3 + A(—4X2 4 6)3))),

M3z = SRINT + AR N3y — 8KkZR?AIN3 — 18R*AIAZ + 4kZR2 A1 A3 + 4R* A1 A3 + 5k
+10E2R2AS + 5R* A — k3(A1 — X2)2(3MF + 20102 4 3)3) — 16R* A3 + 4k R?AI N \3
+ 16R* A2z + 16kZ R2A N3 A3 + 16R* A1 023 — 16k A3 A3 — 32k2 R2A3 s — 16R* A3
+AEZRZNIN2 + 10R*N2A2 — 28K2 R2A1 A2 — 28 RN Ao A2 + 10kTA2A2 + 20k2 R2A2)2
+ 10RAEAZ 4+ 8k RZAAS + 8RS + 8k1XaA3 + 16kTR*Xad3 + S8R Ao X3 — ThiN]

— 14EIR?ME — TR*AS + k3 (01 — A3)? (A% — 6M1 3 — TA3)

+ 263 (R (A1 — A2)? (A + 6A122 + A3 — 20123 — 2X2X3) + kT (A3 (A2 — 2X3)
FAT(203 + 2X2)3 — 5A3) 4 221 h2(=273 4 A2 A3 4 2)3))) + 2k3 (K3 (AT — BA3AS

+ 228 A2(A2 + Az) — 225 (222 + A3) + 201 A2 A3 (A2 + 2X3))

+ R — A3)(BAT 4+ A3(2 A2 — 1103) — A1 (4M3 — 10X2)3 + A3)

FA3(=2 X3 —4Xod3 + TA3)) + EF(A3(203 + 4dad3 — TA3) + AT (5A3 — 8A2)z + 2)3)
+ A1 (=833 + 6X2)F +4)03))),

Rza = —ka(4R*AT — 6EININ3 — SRENINZ 4 6kT M A3 + 4k205 + 4R?)\3
+2k3 (A1 —A2)2 (A1 +2A2) (2 A1 4+2X02—A3) =8 RZAI A3+ 3kIAI Ao A3 +8RZAT Ao A3 — 4RI N1 A3 N3
+ 8RZA1AZAs — 8Kk2A3 A3 — 8RZA3As + 3KEAINZ + ARZAINZ — kIA 1 M2 )2 — 8RZA 1 A2
+4KIAIAS + ARPA3NS — KT A 4+ K3 (A1 — A3)(4X] + A3 (6 Ao — 4)3)

+ 2201 22(=3X2 + A3) + A2A3(—3A2 + A3))),
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Raa = —3RIN] + AR NI + 4T R2AIN3 — 2RAIN3 — 8K RZM A3 + AR M5 + 5k1A]
+ 2k R2A3 — 3R*AS + k5 (M1 — A2)?(BAF + 140102 + 523) +4R* AA; — 8KIRZAI A3
—AR* N2 A2 A3+ 8ETRZ M AN — AR N A3 N3 4RI A3 A +8ET REAI A3 +AR A N3 +4kF RIS
—2R*NINIH8EIRZ A1 Mo dE — AR M Mo A3 — 18k T AN —20k7 R A3 — 2R AIN3 —8kT R\ )3
F AR NS + 4k + 8EZRZMoA3 4+ AR Xo)3 4 5kIAS + 2kIR? M3 — 3R}
+ k’g()q — )\3)2(5)\% + 14X 13 + 5)\%) + 2k§(R2 ()\1 — )\2)2()\? + 6 1 A2 + )\% —4X1 )3 —4X2 )3
+223) + ET(A3(5A3 + 202Xz — 4A3) + 221 02(A3 — BA2)s + A3)
+ AT (=4 A3 4 22223 +523))) + 2k3(R2(A1 — A3)2 (A — 4Xi A2 + 203 + 6X1 )3
—4X2As + A3) + k3 (BAT + 5A3A5 4+ 20T (A2 + As) + 2X1 A2 A3 (X2 + As3)
— 2X1(223 4+ 5A2X3 4+ 203)) + AT (AT(BA3 4 2X2A3 — 423) + 221 A3(A3 — B2z + A3)
+ A3(—4 A3+ 22223 + 5)3))).

We proceed as in the proof of Lemma 3. Assuming A\; = A2 = A3, one has that
R[plo = 15 diag(A1, A1, A1, —3A1), thus showing that the metric is not R[p]-Einstein
since A;Ag2A3 # 0. Now, we consider the terms k; at (3.3). Up to a permutation of
the basis {e1, e2, e3} one may assume that one of the following holds:

(i) kikoks #£0, (i) k1 = 0, koks £ 0, (i) ky = ko = 0, ks # 0.

We analyze the different possibilities separately.

4.1.1. (i) kpkaks # 0. Let T C Rk, ko, k3, A1, A2, A3, R] be the ideal generated by
the polynomials R;; (after simplification due to k1k2ks # 0) and compute a Grébner
basis G; of Z with respect to the lexicographical order. Since the polynomial g; =
R*A\1A3)3()\3 — A2) belongs to Gy one has that A3 — A3 = 0. Computing a Grébner
basis G11 of the ideal generated by G U {\3 — A3}, one has that R*A?\3 belongs to
G11, which is a contradiction.

4.1.2. (i1) k1 = 0, koks # 0. We firstly simplify the polynomials fRaz, Ray and
R34 by using that koks # 0 and then compute a Grébner basis Gy of the ideal
Z C Rlka, ks, A1, A2, Az, R] generated by the polynomials 9R;; (after simplification).
Since g2 = RA3A3(A\2 — A3) € G2 one has that Ay = A\3. Computing a Grébner
basis Go1 of the ideal generated by Go U {\2 — A3}, one has that R\ A4 belongs to
Go1, which is a contradiction.

4.1.3. (ZZZ) ki = ko =0, k3 7é 0. Let Z C R[kﬁg,)\l,)\g,/\;g,R] be the ideal gener-
ated by the polynomials R;; (after simplifying P34 due to ks # 0) and compute a
Grobner basis Gg of 7 with respect to the lexicographical order. Since the polyno-
mial g3 = ROAZA3(A\3 — \2)? belongs to G3 one has that A\3 — A2 = 0. Computing a
Grobner basis Gs1 of the ideal generated by Gz U {\3 — A3}, one has that RCAZ\3
belongs to G371, which is a contradiction.
Hence the Lie algebra structure (3.2) does not support any R[p]-Einstein metric.
O

4.2. Left-invarainant R[p|-Einstein metrics in Rey X E(1,1) and Rey x E(2).

Lemma 8. Any left-invariant R[p|-Einstein metric in Rey X E(1,1) or Rey x E(2)
15 Einstein.

Proof. Let R[p|o be the trace-free tensor R[p|o = R[p] — %||p||?g. A straightforward
calculation shows that the components of R[p]y for any left-invariant metric (3.4)
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are
16R4R[p]011 = NRu1, 8R4R[,0]012 =R, 8R4R[p]013 = mlS? 8R3R[p]014 = S)£{14’
16R4R[p]022 = mlza 8R4R[[)]023 = ml% 8R3R[p]024 = 9%247 16R4R[p]033 = m337
4R3R[p]034 = m347 16R4R[p]044 = m447

where the polynomials fR;j; are given by

M1 = 16b* — 7C* — 10C%D? — 3D* — 14C*R? — TR* + 8C%R?\o — 4D?R*)\2 + 8R* )\,
+4C?R?0\} + 2D?R*)A3 4+ 10R* )] — 16R* A3 + 5R* A3 + 8AbCD(—1 + 2)2)
—20%(9C? — 3D? + 8R*(—1 4 A2)X2) + A (=14 X2)3(=7 — 62 + 573)
+2A%(—TR? + 8b%(—1 + A2) — 2D?Xs + 8R?X2 + D?A3 + 10R*)\3 — 16 R?)\3 + 5R?\3
+ C? (=7 +4X2 +2)3)),

Rz = —(A2OD(—14+X2)2 +6A%(—14+X2)? +CD(126*> +20% +-2D? + R* —2R* M5+ R?)\3)
+ Ab(—7D? —6R* +8b*(—1+A2) +5D* X2 + 18R? Xy — 18RZA3 + 6 R2A3 + C*(—5+T7X2))),

MRz = —4A3D(—1+ X2)?Xo +4A%DC(2 — 3ha + \3) +bC (246 +7C* +7D* + TR? + 4R* ),
—11R?)\3) — AD(—2D? +4D*X3 +4R? X5 — SRZM3 + 4R A3 + 4% (14 X2) + C?(—1+3)\2)),

Ria = —4A?D(—1 4+ X2)*Ag + AbC(1 — 16Xz + 1573) + D(C? + 2D?* — 3C% Xy — 4D?* o
— 4Ry + 8R?M\3 — 4R?)\3 4+ 2% (1 4+ \2)),

Roz = 16b* — 3C* — 10C%D? — 7D* + 2C%R? 4 4D*R? + 5R* 4 2b*(3C* — 9D?
+8R?*(—1 4+ A2)) +8AbCD(—2 + A\2) —4C%R?*Xy + 8D?*R?*\y — 16R* X2 — 14D?*R?)\3
+10R* A3 + 8R*\5 — TR\ — A% (=1 4+ X2)?(=5 4+ 62 + TA3) — 24%(C? (=1 + 2)2)
+ D?(—=2 — 422+ TA3) + (=1 + X2)(8b* X2 + R2(5 — 11)2 — A3 + 7AD))),

Moz = 4A3C (=14 X2)? +4A%DD(1 — 3X2 + 2)3) + bD(24b* + 7C* + 7D? — 11R* 4 4R* ),
+T7R?)\3) + AC(3D? 4+ 4R? — 20%(=2 4 X2) — D)3 — 8R*\2 + 4R*)\3 + 4% (1 + \2)),

Ros = 4A%C(—1+ A2)® + AbD(15 — 16X2 + A3) — C(—3D? — 4R? + 2C* (=2 + X2) + D* )2
+8R o — 4R?N3 + 267 (1 + \2)),

Raz = —48b* +5C* + 10C%D? 4+ 5D* + 10C*R? — 8D?R? 4+ 5R* — 2b*(C? + D?
— 8R*(—1+ X2)?) + 124bC'D(—1 + X2) + 4C%R*\2 + 4D?R?\s + 4R* N5 — 8C?R?*)\3
+10D?R?*)\3 — 18R*A3 +4R* X3 + 5R* A3 — A*(—1+ X\2)?(3 4 2)2 +3)3) +242(2D? + R?
—8b%(—1+X2)? —4D?Xa +4R? X2 + D?A3 — 10R* N3+ 4R? M3 + R2X\5 4+ C? (1 — 4X2 +2)3)),

Rzs = —(—6bCD(—1 + A2) + 2A4%(—1 4+ A3)? + A(=3D? + 2R* + 8b*(—1 + X2)? + 3D ),
+2D%)A3 — 4R?)\3 4+ 2R%)\5 4+ C%(2 4+ 3X2 — 3)3))),

Ry = 166" +5C* + 10C%D? + 5D* + 14b*(C? 4+ D?) + 2C?R? + 4D’R? — 3R*
—36AbCD(—1+ A2) — 8C2R*\y — 8D?R?*)\a + 4R* )Xo + 4C*R*)3 + 2D*R?)\3 — 2R*)\3
+4R'A3 — 3R'A3 + A* (=14 X2)?(5 + 14)X2 + 5A3) + 24 (—4D* + R® + 16b%(—1 + X2)?
+2D%X\y + 4R*X2 + 5D%A3 — 10R?)\3 4 4R?M5 + R®M\3 + C%(5 4+ 2X2 — 4)3)).

Let Z C R[A, b, A2, C, D, R] be the ideal generated by the polynomials {R;;} and
compute a Grobner basis Gy C Z with respect to the lexicographic order. Since the
polynomial go = D3(C? + D?)? € Gy one has that D = 0. Computing a Grébner
basis Go1 of the ideal Gy U {D}, one has that C5)\% € Gy, and thus C = 0. Once
again, compute a Grobner basis Go11 of the ideal Go; U {C} to see that Ab* € Goy;.
Therefore either A = 0 or b = 0. We analyze both possibilities separately.
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42.1. A = 0. Compute a Grobner basis Gy of the ideal Gp11 U {A} to see that
Ry — 1)*(A\y + 1) € G;. Hence Ay = £1. Setting A\ = 1. If Ay = 1, then
the R[p]-Einstein equations reduce to b = 0, in which case the metric is Einstein.
Moreover, if Ay = —1, then the R[p]-Einstein equations reduce to b*> = R? and the
metric is Einstein.

4.2.2. b = 0. Compute a Grobner basis Gy of the ideal Gp1; U {b} to see that
R*(A? + R*)(M\3 — 1)? € Go. Hence Ay = 1. If Ay = 1, then the resulting
metric is Einstein while in the case Ay = —1 the R[p]-Einstein equations become
#:(A? + R%)? = 0 which has no solutions with R > 0. O

4.3. Left-invariant R[p]-Einstein metrics in Rey x H3.
Lemma 9. Any left-invariant R|p]-Einstein metric in Rey x H® is Einstein.

Proof. Let R[p]o be the trace-free tensor R[plo = R[p] — 1|p||>g. A straightforward
calculation shows that the components of R[p]y for any left-invariant metric (3.6)
are

16R4R[p]011 =R, 4R4R[p]012 =Ry, 8R4R[p]013 = mly 4R3R[p]014 = ml4’
16R4R[p]022 =NR,,, 8R4R[p]023 = ml% 4R3R[p]024 = 9{247 16R4R[p]033 = m337
8R3R[P]034 =Ry, 16R*R[plo,, = Ry

where the polynomials i; are given by

M1 = 16a* — 48d* — 16d°F? — 3F* + 12cdFH — 2d*H? + 2F?H? + 5H*

—2c%(4d? + F? + H?) +16d*R? + 2F?R? + 10H?R? 4+ 5R* — 2a*(4c® + 8d* — 3F? + 8R?)
+4a(4c*d — cFH — 2d(8d* + F? + 3H? — R?)),

Rz = 8ac + a®(—4ded + 2FH) — cd(8d* + 2F2 + 3H? — 3R?) + 2FH(d® + F? + H* + R?)
+ a(—6dFH + c(4d® + 3F? + 2H? — 3R?)),

Rz = 8a°H + a*(—8cF + 12dH) — cF(8d* + 2F? + 2H? + R?) + aH(28d> + 5F>
+6(H? + R?)) + dH (24d” + 8F? + 7(H? + R?)),

R4 = —a’F + 8d*F — 3cdH + 2a(5dF + 3cH) + 2F(F? 4+ H? + R?),

Moo = —48a* — 64a®d + 16d* + 5F* + 4cdFH + 6d*H? + 2F?H? — 3H* — 2c2(4d* + F*?
+ H?) — 16d°R? + 10F?R? + 2H?R? 4+ 5R* — 2a°(4¢® 4+ 8d* + F? + 8H? — 8R?)
+4a(4c®d — 3cFH — 2d(3F?* + H? — R?)),

Roz = 24a°F 4+ 8d°F + 8cd® H + 4a*(7dF 4 2cH) + cH(2F? + 2H? + R?) + dF (6 F* + 5 H?
+6R?) 4 aF(12d* + TF? + 8H? + TR?),

Roa = 6¢dF — 8a®H — a(3cF + 10dH) + H(d? — 2(F? + H* + R?)),

Raz = —(—16a* — 32a%d — 16d* + 16d* F? + TF* — 20cdFH + 18d*H? + 14F?H? 4+ 7H*
+2¢%(4d* + F? + H?) + 2a*(4c* — 8d*> + 9F? + 8H?) — 4a(4c*d + 8d® — 5¢FH
— 4d(F? + H?)) + 14F?R? + 14H?R? + 7TRY),

Mas = da’c — dFH + a(—8cd + FH) + c(4d* + F? 4+ H?),

M4 = 16a* + 32a°d + 16d* 4 32d*>F? + 5F* — 36cdF H + 14d*H? + 10F*H? + 5H*
+6c%(4d® + F? + H?) + 2a%(12¢* + 8d* + TF? + 16H?) + 2F?R? 4 2H?R? — 3R*
+4a(—12¢*d + 9cF H + 4d(2d* + 3F? + 3H? — R?)).

Therefore Reyx H is R[p]-Einstein if and only if the system of equations {R;; = 0}
is satisfied. Let Z C Rla,c,d, H, F, R] be the ideal generated by the polynomials
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{Mi;} and compute a Grébner basis Gy C Z with respect to the lexicographic
order. Since the polynomial gy = FHR?(F? + H? + R*)(2H? + R?)® € G, one
has that FH = 0. Computing a Grdobner basis Gp; of the ideal Gy U {F'H} with
respect to the lexicographic order, one has that the polynomials HR?(H? + R?)?
and FR%(F? + R?)? belong to Gop1, and hence F = H = 0. Computing again
a Grobner basis Gop11 of the ideal Gy U {F, H} with respect to the lexicographic
order, one has that the polynomial (4d> — R?)R® € Gy11. Once again we compute
a Grobner basis Gop1;1 of the ideal Goiq U {(4d? — R?} and get that the polynomial
(a — d)R* € Go111. Thus a = d and the resulting metric is Einstein. O

4.4. Left-invariant R[p]-Einstein metrics in Re, x R3.
Lemma 10. Any left-invariant R[p]-Einstein metric on Rey x R? is Finstein.

Proof. We proceed as in Lemma 6 and consider a left-invariant metric on Rey x R3
given as in (3.8). Then the components of the trace-free tensor R[p]yo become

2R4R[p]011 =R, R4R[p]012 =R, R4R[p]013 =Ry, R[P}OM =0,
2R4R[p]022 =NR,,, R4R[p]023 =NR,;, R[p]024 =0, 2R4R[p]033 = N3,
R[p]034 =0, 2R4R[,D}044 = S)%44a
where the polynomials Jij; are given by
mll — _(_a4 +b2f2 +f4 +f2h2 +f3P— 2fh2p+02p2 +2f2p2 +h2p2 +fp3 +p4
+a(f+p)+a? (07 + ¢ = 2f* + fp—2p") —a(26°f + [P+ 27p + f2p + 1 +p%)),
Rz = —(b(a — f)(a® — af + 2+ p?)),
iz = —(c(a —p)(a® + f* —ap +p?)),
SRQQ — _(a4 +b2f2 _f4 +f2h2 +f3p_ 2fh2p+62p2 _ 2f2p2 +h2p2 _ fp3 +p4
+a’(=f +p)+a’ (b + ¢ = 2f? = fp+2p%) + a(=26°f + f* = 27p + fop — f* + %)),
Ras = —(h(f — p)(a® + f2 = fp + 7)),
Raz = —(a' +0°f2+ f* + [2h2 + 0 (f —p) — [Pp = 2fR°p + 2p* — 2f%p* + W?p* + fp°
=p'+a? (b + 2+ 21— fp—2p%) +a(=26°f + f* — 2%p — fPp+ f1 + %)),
SR44 — a4 + 3b2f2 + f4 +3f2h2 +f3p _ 6fh2p+ 302p2 _ 2f2p2 +3h2p2 + fp3 +p4
+a*(f +p) +a®(30° + 32 = 2f* — fp— 2p°) + a(—6b*f + f* — 6¢°p — f*p — fp° +p°).
Hence a left-invariant metric (3.8) is R[p|-Einstein if and only if the system of
polynomial equations {Ri; = 0} is satisfied. Let Z C R[a, b, ¢, f, h, p, R] be the ideal
generated by the polynomials {f;;} and compute a Grébner basis Gy with respect

to the lexicographic order. Since the polynomial gg = p”(f* — p®) belongs to Go,
one has that either p = 0 or p = f. We analyze the two cases separately.

4.4.1. p=0. Compute a Grobner basis G of the ideal GoU {p} to see that f7 € G,
and thus f = 0. Compute again a Grébner basis Gi; of the ideal G; U f. It now
becomes that the new Grobner basis is given by

gll = {pa fa az(b2 + C2)a GSCa azba CL4}.

Hence a = 0 and the resulting metric is flat.

4.4.2. p= f, p # 0. Compute a Grobner basis Gy of the ideal Gy U {p — f} to see
that p°(a — p) € Go. Since p # 0, one has p = a. The resulting metric is now flat,
which finishes the proof. O
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5. PROOF OF THEOREM 1

Assertion (3) in Theorem 1 follows at once from the results in Section 4.

In order to proof Assertion (1), we recall that the (1,3)-Weyl curvature operator
is invariant by conformal transformations. Indeed, if two Riemannian metrics are
conformally equivalent (i.e., g = €2?g), then their Weyl curvature operators W and
W are equal. The converse does not hold in general, but it is true in dimension
four (see [6]). Note that the corresponding (0,4)-Weyl curvature tensors and their
norms satisfy W = e2°W and ||/V\V/H§ = e *7||W|2. Hence, if the conformally-

related metrics are both homogeneous (since ||[W||2 and ||WH§ are both constant
in this case), one has that either g and g are homothetic or otherwise both metrics
are locally conformally flat. Furthermore, since homogeneous locally conformally
flat metrics are symmetric [14], non-symmetric conformally related homogeneous
metrics are necessarily homothetic.

It was shown in [1] that any non-symmetric homogeneous weakly-Einstein metric
is determined by the Lie algebra structure

(5.9) les,e1] = aer, [es,ea] = —aes — Pes,  [eq,e3] = Pes — aes,

where o # 0 and g are constants and {ej,...,es} is an orthonormal basis. Now,
a explicit calculation shows that the (1,3)-Weyl curvature operator of any metric
(5.9) satisfies

W(el,eg) = %QQ(EIQ - Ezl), W(el,eg) = %OZQ(Elg; - E31),
Wi(ei,eq) = 2a%(E* — Ey), W(ez,e3) = 2a%(E®; — E?3)
Wi(ea,eq) = %aQ(E24 — E%), W(es, eq) = %aQ(E?’AL — E%3)

where Eij denotes the matrix with 1 in the position (7, j) and zero otherwise.
Hence the Lie group determined by (5.9) is homothetic (but not isomorphically
homothetic) to the Lie group determined by the Lie algebra

(5~10) [64761} = «eq, [64,62] = —aeg, [64763} = —aes,

Finally, the Lie groups determined by (5.10) are all isomorphically homothetic to
the Lie group structure in Theorem 1-(1), thus showing Assertion (1).

The structure corresponding to Theorem 1-(2.a) has zero scalar curvature, while
the scalar curvature in the cases (2.b) and (2.c) is strictly negative, so the Lie group
corresponding to Assertion (2.a) cannot be homothetic to any of (2.b) or (2.c) in
Theorem 1. Furthermore, the structure defined by Assertion (2.b) satisfies

T=-1, |pl*=1, |IRI?*=3.

On the other hand, replacing the metric (-, - ), in Assertion (2.c) by the homothetic

one (-, )k = 2(1+a+a?)”
)

x (iTa)? (+, )a, a straightforward calculation shows that

3+a(l+a)(9+all+a)(7+3a(l+a)))
(1+a+a?)? .

Now, any homothety between the metric in Assertion (2.b) and any of the metrics
in Assertion (2.c) must induce an isometry between the metric (2.b) and some
metric (-, -)%. Hence it must preserve the norm of the curvature tensor, and thus
| Ra|l? = 3 for some a. A straightforward calculation now shows that || R,||* = 3 if
and only if either « = 0 or @« = —1 and none of these cases may occur. Therefore

Ta==1 lpal?=1, [Ral®=
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the structure in Assertion (2.b) cannot be homothetic to any of the structures given
by Assertion (3.c). O

Remark 11. The solvable Lie groups in Theorem 1 are diffeomorphic to R*. More
precisely

(1) The structure constants in Assertion (1) are equivalent to
de* =0, de' =e' net, de? =—e?ANet, de® = —e® Ae?,

where {e!, ..., et} is the dual basis of {e1,...,es}. Hence R x R? in Asser-
tion (1) is isometric to (R%, g) with coordinates (x,v, 2,t) and metric

g = dt? + e 2 da? + ' (dy?* + d2?).

(2) The structure constants in Assertion (2.b) are equivalent to
1 1
de* =0, de' = 564 Neb,  de? = —564 NeZ, de® =e? Ael.
: 4 1 -3t 2 It 3_ 1 1
Setting e* = dt, e- = e~ 2'dx, e = e2'dy and e° = iyda: — ixdy + dz, the
Lie group in Assertion (2.b) is isometric to R* with metric tensor
1 1
g=dt* + e tda? + eldy® + (iydx - Qxdy +dz)?.

(3) The structure constants in Assertion (2.c) are equivalent to We should try
to complete this part

Remark 12. Investigate the existence of relevant properties for the metrics in
Theorem 1: are they algebraic Ricci solitons?, etc.

(1]
2]
(3]
(4]
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